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Wing Design by Numerical Optimization
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and
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A study was conducted to assess the feasibility of performing computerized wing design by numerical op-
timization. The design program combined a full-potential, inviscid aerodynamics code with a conjugate gradient
optimization algorithm. Three design problems were selected to demonstrate the design technique. The first
involved modifying the upper surface of the inboard 50% of a swept wing to reduce the shock drag subject to a
constraint on wing volume. The second involved modifying the entire upper surface of the same swept wing
(except the tip section) to increase the lift-drag ratio, subject to constraints on wing volume and lift coefficient.
The final problem involved modifying the inboard 50% of a low-speed wing to achieve good stall progression.
Results from the three cases indicate that the technique is sufficiently accurate to permit substantial im-
provement in the design objectives.

Nomenclature
a,b = participation coefficients
b =span
& = aspect ratio
cd = section shock plus thickness drag coefficient
QI = section lift coefficient
CR =root chord, m
CT = tip chord, m
CDj = wing induced drag coefficient
CDS

 = wm§ shock drag coefficient
C — C* 4- C*Dj ~ Dj ' £*s
CDp =wing drag coefficient calculated by integration of

surface pressures
CL = wing lift coefficient
Cm = wing pitching moment coefficient
cp = pressure coefficient, (p/—p)/q
cp* = pressure coefficient for M/ — 1
/ = airfoil shape function
h - shape function amplitude
M = Mach number
p = static pressure
q = dynamic pressure
x = nondimensional airfoil abscissa
y = nondimensional airfoil ordinate
a. = angle of attack
17 = nondimensional spanwise coordinate

Subscripts

l.s. = lower surface
u.s. = upper surface
L.E. = leading edge
/ = local conditions
oo = freestream conditions
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Introduction

OVER the last three years, a major effort has been un-
derway to develop numerical optimization techniques for

the design of airfoil sections for both low-speed and transonic
applications.1"8 The studies described in Refs. 1-8 clearly
define those areas where design by numerical optimization is
superior to design by inverse techniques. A principal ad-
vantage in using numerical optimization for two-dimensional
design is that the designer is able to consider off-design
conditions automatically during the design process. Such a
capability has been demonstrated in the design of a super-
critical airfoil section without "drag-creep."8 Another ad-
vantage in the use of numerical optimization is that the
method is readily extended to three dimensions. While this
fact is conceptually clear, a study was needed to determine if
three-dimensional aerodynamic codes generate consistent
(free from random numerical error) aerodynamic coefficients.
Consistency is required for the accurate calculation of
gradient values by optimization algorithms. Such gradients
define a direction of change in a given set of design variables
to achieve a desired design improvement.

During the present study, the numerical optimization
program described in Ref. 9 has been coupled to the
aerodynamics program outlined in Ref. 10. The optimization
code is based on the method of feasible directions and the
aerodynamics code solves the three-dimensional potential
equation for subsonic through transonic flow with exact
boundary conditions. The aerodynamics code has been used
successfully over a Mach number range from 0.1 to 0.95. The
combination optimization-aerodynamic program has been
applied to three-wing design problems to evaluate the
adequacy of the technique to the design of practical wings for
low-speed and transonic airplanes.

Design Method
Only a brief description of the numerical optimization

process will be given here, since a complete discussion of the
technique can be found in Ref. 9.

A schematic flow chart of the optimization process is
depicted in Fig. 1. The hypothetical design problem shown in
the figure is drag minimization with three design variables
(h]f h2, h3). The design variables can be thought of as jacks
placed under the skin of the root profile with the ability to
displace the skin up and down. The actual functions used to
shape the wings considered during this study will be discussed



408 R. M. HICKS AND P. A. HENNE J. AIRCRAFT

CD IS NOT WIN.
AND/OR CONSTRAINTS

ARE VIOLATED

STOP-
CD IS MIN. AND

-CONSTRAINTS ARE-
SATISFIED

FORM GRADIENT VCD
acp acp acp

Fig. 1 Optimization flow chart for drag minimization with three
design variables.
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Fig. 2 Airfoil shape functions.

in the next section. The shaded regions of the wing (Fig. 1)
represent displacement of the skin upward between the root
and the midspan station. The midspan and tip stations were
considered fixed for this hypothetical design problem.

The first step in the design process is calculation of the
aerodynamic coefficients of the initial wing. These coef-
ficients are stored as baseline values for future use in the
gradient calculations. The optimization program then per-
turbs each of the three jacks (design variables) one by one,
returning to the aerodynamics program for evaluation of the
aerodynamic coefficients and the partial derivative of drag
with respect to each design variable after each perturbation.
The partial derivatives form the gradient of drag ( V C D ) .
The direction in which the jacks are displaced to reduce the
drag coefficient is - VCD (the steepest descent direction).
The optimization program increments the jacks one to four
times in the direction indicated by -VCD . The process
continues until the drag begins to increase due to nonlinearity
in the design space or until a constraint, such as wing
thickness, is encountered.

In the example depicted in Fig. 1, all jacks were displaced
upward as required by the values of - VCD. If the drag
begins to increase or a constraint is encountered, a new
gradient is calculated and a new direction is found that will
decrease drag without violating constraints. When a minimum
value of drag is attained with constraints satisfied, the final
wing geometry is printed along with the final pressure
distributions and aerodynamic coefficients.

During this study, both momentum control volume in-
tegrations and surface pressure integrations were used to
calculate aerodynamic coefficients. The control volume in-
tegrations utilized both far-field and near-field flow con-
ditions to evaluate shock drag (CDs), induced drag (CDl),
and lift coefficient (CL). Surface pressure integrations were
used to calculate a total drag coefficient (CD ) and pitching
moment coefficient (£MLE ). Spanwise distributions of
section drag (cd ) include a spanwise distribution of drag due
to airfoil thickness and finite span and section shock drag; cds
does not include the induced drag effects of the trailing vortex
wake.

Design Variables
The airfoil shape at each span station can be represented by

the following equations

ru- s-basic

LEADING

26.5

,77 =

y\.s.=y\.*.basic

Fig. 3 Swept wing on a wall, CT/CR = 0.75, /R = 4.57.

where 7 U S asjc and ^i.s,asic are the ordinates of the upper and
lower surfaces of the baseline sections and /,- is the shape
function shown in Fig. 2. The shape functions are added
linearly to the baseline profiles by the optimization program
to achieve the desired design improvement. The contribution
of each function is determined by the value of the par-
ticipation coefficients (design variables), a/'s and &,'s,
associated with that function. All participation coefficients
are initially set to zero, so the first computation gives the
aerodynamic characteristics of the baseline wing. Therefore,
the importance of each shape function in achieving the design
improvement can be ascertained at any step during the op-
timization process by observing the value of the participation
coefficient associated with each function at that step.

The shape functions shown in Fig. 2 were selected because
of previous success in designing two-dimensional sections
with functions of this type.8 Three of the functions (//, /2,
f s ) have a predominant effect near the leading edge of the
section. Such effect is desirable when supercritical sections are
under consideration or when leading-edge pressure gradients
must be controlled for stall progression.

Since this study was conducted to determine the feasibility
of performing wing design by numerical optimization and was
not intended to generate advanced wings, no attempt was
made to find the best set of shape functions for three-
dimensional design. Future-effort will be devoted to the
development of improved wing parameterization to give the
designer more flexibility in wing optimization.

The primary design variables used during the study were the
five functions shown in Fig. 2. In effect, these shape functions
allow changes in both thickness and camber at the span
stations where used. Other design variables as com-
putationally efficient as those related to section geometry are
twist and angle of attack, a; both twist and a were utilized
during this study and were found to be useful design
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variables. Planform variables, such as aspect ratio, taper, and
sweep, could also be used as design variables. However, these
parameters require a greater expenditure of computer time
than the variables just mentioned when the flowfield
equations are solved by finite-difference calculations, as in
this study.

Design Results and Discussion
The primary objective of this investigation was to

demonstrate the usefulness and versatility of numerical
optimization in wing design. In addition to demonstrating the
technique, three fundamental questions related to the
suitability of the computed aerodynamic data for use with a
gradient algorithm were considered. The three questions,
listed in decreasing order of importance, are:

1) Are the aerodynamic coefficients calculated with suf-
ficient consistency to reflect the effect of minute geometric
change? (The answer to this question must be affirmative to
obtain accurate gradient values for the optimization
algorithm.)

2) How small must the velocity potential residuals
generated by the finite-difference computation be to achieve
the desired consistency mentioned in the first question?
(Computer time is an inverse function of residual size.)

3) How fine must the finite-difference mesh be to give good
flowfield definition, including shock capturing? (Computer
time is a function of mesh spacing.)

Three different design problems were considered during
this study in an effort to answer the preceding questions and
to demonstrate the flexibility of the design technique. The
primary results shown are for finite-difference aerodynamic
calculations carried out on a mesh consisting of 60 stream-
wise, 10 vertical, and 12 spanwise mesh points. Iterations
were terminated when the maximum residual multiplied by
(Ax)2 reached 10 ~ 5 Since demonstration of the technique
can be accomplished with results from coarse mesh
calculations, only one of the three design problems was
repeated with fine mesh calculations and for different con-
vergence criteria to conserve computer time.

The first problem involved recontouring the inboard half of
the upper surface of the swept wing shown in Fig. 3. The wing
has an aspect ratio of 4.57 and has three defining airfoil
sections at the nondimensional span stations (17) of 0, 0.5,
and 1.0. NACA 6-series airfoil sections were used at each
defining station with the thickness ratios indicated in the
figure. The design objective was shock-drag reduction at
Mach 0.85 and 1 deg angle of attack, subject to a lower bound
constraint on wing volume. The five shape functions shown in
Fig. 2 were used to modify the upper surface of the NACA
65A212 root section of the wing. The root section upper
surface was described in the program by the following
equation

aifi

where the #/'s are the participation coefficient treated as
design variables by the optimization program. Modification
of the root profile affects all sections between the root and
midspan through linear lofting in the program. The results of

Table 1 Inviscid aerodynamic coefficients for wing modification
to reduce shock drag, A/= 0.85, a = 1 deg

Basic
wing 0.22 0.0033 0.0039 0.0072 0.0070 -0.091

Modified
wing 0.21 0.0030 0.0005 0.0035 0.0039 -0.065

BASIC WING PRESSURES
—— MODIFIED WING PRESSURES

Fig. 4 Upper surface pressure distributions for wing modification to
reduce shock drag, M= 0.85, a = I deg.
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Fig. 5 Sectional shock-drag coefficients for wing modification to
reduce shock drag, M = 0.85, a — 1 deg.

the modification are shown in Table 1. The shock-drag
coefficient was reduced from 0.0039 to 0.0005, and the nose-
down pitching moment was reduced nearly 30%. Little
change occurred in the other aerodynamic coefficients.

Upper surface, chordwise, pressure distributions at five
span stations for both the baseline and modified wings are
shown in Fig. 4. Lower surface pressures were omitted for
clarity and because little change in lower surface pressures
resulted from the upper surface modification. As expected,
the greatest pressure change occurred between the root and
midspan stations, since the modification terminated at
T7 = 0.5. However, small pressure changes did occur at least as
far as r/ = 0.91 because of induced effects. Note that the strong
aft shock of the root section of the baseline wing has been
nearly eliminated by the modification. The modified pressure
distribution is quite "peaky" and has a nearly isentropic
compression.

It is interesting to compare the results of Fig. 4 with those
of Fig. 5, a graph of section drag coefficient vs span station.
The peculiar spanwise variation of cds reflects the presence of
a spanwise distribution of drag, due to airfoil thickness and
finite span in addition to shock drag. The substantial
reduction in shock strength on the inboard section of the wing
(Fig. 4) is the result of softening or eliminating the shock wave
due to the original airfoil geometry. Near 77 = 0, cd is
essentially unchanged. This result indicates the changes in
shock drag and "thickness and span" drag are compensating.
Because of limited time and computer funds, this design
problem was not repeated on a refined mesh. Hence, it is
impossible at this time to ascertain if this result is mesh-
dependent.

A plot of sectional lift coefficients vs span station is shown
in Fig. 6. As expected, most of the reduction in sectional lift
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Fig. 6 Sectional lift coefficients for wing modification to reduce
shock drag, A/= 0.85, a = 1 deg.

——— BASIC SECTIONS
——— MODIFIED SECTIONS

AIRFOIL SECTIONS UNCHANGED
OUTER HALF SEMI-SPAN

Fig. 7 Original and modified airfoif sections for wing modification
to reduce shock drag.

BASIC WING PRESSURES
——— MODIFIED WING PRESSURES

Fig. 8 Upper surface pressure distributions for wing modification to
increase lift-drag ratio, A/= 0.85.
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Fig. 9 Sectional shock-drag coefficients for wing modification to
increase lift-drag ratio, M =0.85.

coefficients occurred over the modified inboard wing sec-
tions.

Baseline and modified airfoil sections at two span stations
are shown in Fig. 7. It appears that the root profile has ex-
cessive leading-edge bluntness which is consistent with the
peaky pressure distribution shown in Fig. 4. The linear lofting
between the root and the NACA 65A210.5 profile at midspan
produced a more reasonable section at 77 = 0.26. If this had
been an actual design problem, additional constraints could
have been imposed on upper surface ordinates near the root
leading edge to control the bluntness. The reduction in shock

direction (- V €DS )

drag achieved for this example took two optimization
iterations and 4 min on a CDC 7600 computer. This result
indicates that the shock-drag coefficients calculated by the
finite-difference aerodynamics code are consistent enough to
permit determination of a gradient
sufficiently accurate for optimization.

The second problem considered during this study involved
modification of the upper surface of the swept wing used for
the first problem, to increase the lift-drag ratio at M=0.85,
a=l deg. Lower bound constraints were imposed on wing
volume and lift coefficient (CL >0.22). The shape functions

Table 2 Inviscid aerodynamic coefficients for wing modification
to increase lift-drag ratio, M~ 0.85

°s Dp CL/C Dj,

Basic wing
Modified wing

0.22
0.25

-0.091
-0.079

0.0033
0.0042

0.0039
0.0004

0.0072
0.0046

0.0070
0.0044

30.6
54.4

1.00
1.25

Table 3 Mesh density effect on the inviscid aerodynamic coefficients
for wing modification to increase lift-drag ratio, A/= 0.85

"L.E. "DT

Modified wing 0.24 -0.095 0.0038 0.0022 0.0060 0.0053 40.0

a, deg

Coarse Mesh (60 x 10 x 12):
Basic wing 0.22 -0.091 0.0033 0.0039 0.0072 0.0070 30.6 1.00
Modified wing 0.25 -0.079 0.0042 0.0004 0.0046 0.0044 54.4 1.25

Fine Mesh (120x20x24):
Basic wing 0.24 -0.107 0.0037 0.0064 0.0101 0.0096 23.8 1.00

0.93
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BASIC SECTIONS
——— MODIFIED SECTIONS

Fig. 10 Original and modified airfoil sections for wing modification
to increase lift-drag ratio.

——— BASIC WING PRESSURES
——— MODIFIED WING PRESSURES

Fig. 13 Upper surface pressure distributions for wing modification
to improve stall progression, A/= 0.1, a = 12 deg.
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Fig. 11 Sectional lift coefficients for wing modification to increase
lift-drag ratio, M= 0.85.

LEADING EDGEx

Fig. 12 Low-speed wing on a wall: 5=180 f t 2 ,
CT/CR = 0.5 GAW - 2 airfoil section, no twist.

1 = 8.9, b = 40 ft,

of Fig. 2 were used to perturb the upper surface ordinates at
both the root and midspan sections to achieve the desired
improvement in lift-drag ratio. Hence, linear lofting produced
modification to all wing sections except the tip. The upper
surface at the root and midspan stations were described in the
program by the following equations:

Root:

Midspan:

= Phasic +

-8

-6

Cn . -4Hmm H

-2
-BASIC WING
• MODIFIED WING

.2 .4 .6 .8 1.0

Fig. 14 Spanwise variation of minimum upper surface pressure
coefficient for wing modification to improve stall progression,
A/= 0.1, a = 12 deg.

l.6r
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C, .8
-BASIC AND MODIFIED WINGS
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Fig. 15 Spanwise variation of sectional lift coefficients for wing
modification to improve stall progression, M- 0.1, a= 12 deg.

where the #/'s and &,'s are the participation coefficients
(design variables) used by the optimization program. Angle of
attack was also treated as a design variable for this problem,
giving a total of eleven design variables.

The results of this modification are shown in Table 2. The
increase in lift-drag ratio (the design objective) was due
primarily to a reduction in CD . Lift coefficient increased
from 0.22 to 0.25, which accounts for the increase in CD/.
This increase was accomplished primarily by increasing the
angle of attack from 1 to 1.25 deg.

Upper surface pressure distributions at five span stations
for both the baseline and modified wings are shown in Fig. 8.
It is interesting to note that the smallest pressure change
occurred at the root station, unlike the preceding example
(Fig. 4). The other four pressure distributions show con-
siderable change as expected, since nearly the entire upper
surface was modified.

A graph of shock-drag coefficient vs span station is shown
in Fig. 9. Unlike the results shown in Fig. 5, all wing sections,
with the possible exception of the tip, show a reduction in CDs
because of the modifications. The compensating drag effects
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-BASIC SECTION (GAW-2)
——— MODIFIED SECTION

.2 1.0

Fig. 16 Root airfoil sections for wing modification to improve stall
progression.

at the root section noted in the previous example (Fig. 5) did
not occur here because of a smaller amount of leading-edge
bluntness generated at the root for the current example (Fig.
10). In spite of a relatively small section change at r/ = 0.91,
the pressure distribution shows a fairly substantial change at
this station (Fig. 8). As noted before, induced effects are quite
important.

Pressure distributions at three span stations for both basic
and modified wings are shown in Fig. 13. The minimum
pressure peak at the leading edge of the root section decreased
substantially, which should cause a decrease in stalling angle
for this section and promote root stall. As expected, the
lofting between the modified root section and the GAW-2
midspan section produced a smaller change in minimum
pressure peak with increasing 77.

A graph of minimum pressure peak vs span station is shown
in Fig. 14 for both basic and modified wings. If magnitude of
the leading-edge pressure peak is a good measure of stall
progression, this figure shows that the initial stall has been

moved from midspan to the root by the modification
developed here.

The spanwise variation of sectional lift coefficient for the
basic and modified wings is shown in Fig. 15. In spite of the
large change in pressure peaks shown in the preceding figure,
the sectional lift coefficients remained unchanged within the
precision of the graph shown. This result implies that this type
of modification can be accomplished without affecting the
span loading or the induced drag of the baseline wing.

The root airfoil sections for the baseline and modified
wings are shown in Fig. 16. The increased magnitude of the
pressure peaks shown in Fig. 13 was generated by reducing the
leading-edge radius and forward chamber of the GAW-2
airfoil section. Note that most of the change occurred on the
upper surface.

Concluding Remarks
A practical, automated design technique with three-

dimensiofal capability has been demonstrated, and several
areas in need of further work has been identified. In par-
ticular, more work is needed to:

1) Define the smallest acceptable mesh density that will
give reliable aerodynamic data for numerical optimization.

2) Define the least stringent velocity potential convergence
criteria consistent with good aerodynamic data.

3) Develop accelerated convergence difference schemes for
solving the three-dimensional potential equation for transonic
flow.

4) Develop improved parameterization of the wing
geometry to give more flexibility in achieving optimum wing
geometry.

With the present design code, an optimization problem will
require approximately 1 hour on a CDC 7600 computer for
one flight condition and eleven design variables.
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